Numerical simulation of three-dimensional incompressible fluid in a box flow passage considering fluid–structure interaction by differential quadrature method  by Zhang, Lixiang et al.
Applied Mathematical Modelling 31 (2007) 2034–2049
www.elsevier.com/locate/apmNumerical simulation of three-dimensional incompressible
ﬂuid in a box ﬂow passage considering ﬂuid–structure
interaction by diﬀerential quadrature method
Lixiang Zhang a,*, Yakun Guo b, Shihua He c
a Department of Engineering Mechanics, Kunming University of Science and Technology, Kunming 650051, Yunnan, China
b Department of Engineering, University of Aberdeen, Aberdeen AB24 3UE, UK
c Department of Hydraulic Engineering, Kunming University of Science and Technology, Kunming 650051, Yunnan, China
Received 1 September 2005; received in revised form 1 June 2006; accepted 31 August 2006
Available online 3 November 2006Abstract
A numerical simulation scheme of 3D incompressible viscous ﬂuid in a box ﬂow passage is developed to solve Navier–
Stokes (N–S) equations by ﬁrstly taking ﬂuid–structure interaction (FSI) into account. This numerical scheme with FSI is
based on the polynomial diﬀerential quadrature (PDQ) approximation technique, in which motions of both the ﬂuid and
the solid boundary structures are well described. The ﬂow passage investigated consists of four rectangular plates, of which
two are rigid, while another two are elastic. In the simulation the elastic plates are allowed to vibrate subjected to excitation
of the time-dependent dynamical pressure induced by the unsteady ﬂow in the passage. Meanwhile, the vibrating plates
change the ﬂow pattern by producing many transient sources and sinks on the plates. The eﬀects of FSI on the ﬂow
are evaluated by running numerical examples with the incoming ﬂow’s Reynolds numbers of 3000, 7000 and 10,000,
respectively. Numerical computations show that FSI has signiﬁcant inﬂuence on both the velocity and pressure ﬁelds,
and the DQ method developed here is eﬀective for modelling 3D incompressible viscous ﬂuid with FSI.
 2006 Published by Elsevier Inc.
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method1. Introduction
In many industrial processes, dynamical pressure acting on solid structures is one of the important factors
that induce the vibrations of the structures. Typical examples include the vibrations of piping systems [1–4] of
power plants and blades of ﬂuid machinery [5–7]. The vibrating solid structures interact with the near wall
ﬂow as if there were many unsteady sources/sinks on the boundaries thereby transferred the mass ﬂux0307-904X/$ - see front matter  2006 Published by Elsevier Inc.
doi:10.1016/j.apm.2006.08.007
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ture interaction (FSI) [8], while the structural vibrations induced by the ﬂowing ﬂuid as ﬂuid-induced vibra-
tions (FIV) [9]. Though the problems of FSI and FIV have been extensively studied over the past several
decades [10–13], the motions of the ﬂows were simpliﬁed as much as possible due to the diﬃculties involved
in the problem. For example some investigators neglected the convective terms in the Navier–Stokes equa-
tions, while other investigators applied the potential ﬂow theory to deal with the problem. So far, the inﬂuence
of the vibrations of the solid structures on the ﬂow characteristics has never been simultaneously simulated
due to the diﬃculty of the problem under investigation although three typical numerical techniques namely
k–e family on Reynolds average Navier–Stokes (RANS) equations, direct numerical simulation (DNS)
[14–17], and large eddy simulation (LES) [16–18], have been highlighted in numerical simulations of ﬂows.
Since the pioneering work of Bellman et al. [19], the diﬀerential quadrature (DQ) method has been success-
fully used both in the simulation of the ﬂuids [20–25] and in the analysis of the structural vibrations [26–29]. In
particular, the work by Shu et al. [23] is a great success of applying DQ method to solve the 3D incompressible
N–S equations in primitive variable form. Their eﬀorts form basis for modelling 3D viscous ﬂuids in a ﬂow
passage with FSI in the primitive N–S equations.
The purpose of the present study is to combine the DQ methods for both the ﬂuid simulations and the
structural vibrations in order to develop a DQ technique for modelling 3D incompressible viscous ﬂuid with
FSI. To the writers’ best knowledge; so far there have not been any published numerical computations of the
ﬂuid ﬂow considering FSI by PDQ. The present study is therefore the ﬁrst attempt to do so. In the following
sections, the study is limited to 3D incompressible viscous ﬂuid (for instance, water) in a box ﬂow passage with
four rectangular plates. The particular focus of the work is on the eﬀects of FSI on both the ﬂow velocity and
pressure ﬁelds for diﬀerent Reynolds numbers.
2. Governing equations
Fig. 1 is a sketch of a box passage ﬁxed with four rectangular plates. In a Cartesian coordinate system
(x,y,z), two plates Sz=0 and Sz¼L3 are designated to be elastic ones that are vibrating in excitation by the pul-
sating pressures; while another two plates Sy=0 and Sy¼L2 are rigid, i.e., no vibrations. The incompressible vis-
cous ﬂuid ﬂows into the box from the entrance AA 0C 0C at an arbitrary angle of attack a, and out of the box
from BB 0D 0D. The governing equations of the ﬂow are Navier–Stokes equations in primitive variable form
































































Fig. 1. Box ﬂow passage with four rectangular plates.
2036 L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049While the dimensionless governing equations for the elastic plates due to the oscillating pressure areðsÞ€wþ 1
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:In the above equations, u, v and w are the velocity components along x-, y- and z-directions, respectively, p the
pressure, Re Reynolds number based on the inﬂow velocity V and x-direction length L1;
(s)w, ðsÞ _w and ðsÞ€w the
vibrating displacement, velocity and acceleration of the plate, respectively; Cf the skin friction coeﬃcient on
the deformed plates and depends upon the vibrating deformation [30] of the plates and Reynolds number; Cp
the ratio of the ﬂuid density qf to the plate material density qs; h the plate thickness; Qxz and Qyz the trans-
versal shear forces per unit width of the plate along the x- and y-directions; Mxx, Myy and Mxy the bending
moments in x- and y-directions and torsion moment; D ¼ Eh3=12ð1 t2Þ the ﬂexural rigidity of the plates; E
the Young’s modulus; t the Poisson ratio; ~p the dynamical pressure acting on the plates due to the ﬂow; and
the tilde ‘‘’’ over the variables represent the values on the boundary.
The boundary conditions of the ﬂow are
On the inﬂow section, Sx=0:~u ¼ ~u0; ~v ¼ ~v0; ~w ¼ ~w0: ð3aÞ













L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049 2037The boundary conditions of the vibration of the elastic plates can be expressed as following:








On the deformable walls Sz=0 and Sz¼L3 , the coupling boundary conditions between the ﬂuid and the plates are
speciﬁed as~w ¼ ðsÞ _w: ð4cÞ
Eqs. (1)–(4) are then constructed into the governing equations of the FSI system and will be numerically
solved by the DQ method.
3. DQ schemes of governing equations
While the DQ method for the ﬂuids has been well developed and demonstrated by Shu [20–25], we give a
brief description here for convenience and completeness. The computational domain is divided into
N1 · N2 · N3 small cells with N1, N2 and N3 being grid points along x-, y- and z-directions, respectively.
For the present regular ﬂow passage as shown in Fig. 1, a DQ grid, Gi,j,k, is non-uniformly structured as [25]xi ¼ L1
2
1 cos i 1
N 1  1 p
 
; i ¼ 1; . . . ;N 1; ð5aÞ
yj ¼ L2
2
1 cos j 1
N 2  1 p
 
; j ¼ 1; . . . ;N 2; ð5bÞ
zk ¼ L3
2
1 cos k  1
N 3  1 p
 
; k ¼ 1; . . . ;N 3: ð5cÞOne of the basic principles of the DQ method is that the spatial derivatives along a coordinate direction are





xW ð1Þi;l f ðxl; yj; zkÞ; i ¼ 1; . . . ;N 1; j ¼ 1; . . . ;N 2; k ¼ 1; . . . ;N 3; ð6aÞ





xW ð2Þi;l f ðxl; yj; zkÞ; i ¼ 1; . . . ;N 1; j ¼ 1; . . . ;N 2; k ¼ 1; . . . ;N 3 ð6bÞin which xW ð1Þi;l and
xW ð2Þi;l are the weighting coeﬃcient matrices of the ﬁrst- and second-order partial derivatives
in x-direction, respectively. The spatial derivatives in the other two directions are deﬁned in the same way.
Alternative of the weighting coeﬃcient matrices is constructed by the 1D Lagrange interpolation function
[25], for example, along x-direction asxW ð1Þi;l ¼
X ðxiÞ
ðxi  xlÞX ðxlÞ ; i 6¼ l;
xW ð1Þi;i ¼ 
XN1
l¼1;l 6¼i
xW ð1Þi;l ; i; l ¼ 1; . . . ;N 1; ð7aÞ




; i 6¼ l; xW ð2Þi;i ¼ 
XN1
l¼1;l 6¼i




ðxi  xmÞ; i ¼ 1; . . . ;N 1; X ðxlÞ ¼
YN1
m¼1;m 6¼l
ðxl  xmÞ; l ¼ 1; . . . ;N 1: ð7cÞSimilarly, the weighting coeﬃcient matrices along y- and z-directions, yW ð1Þj;l ,
yW ð2Þj;l ,
zW ð1Þk;l , and
zW ð2Þk;l are
obtained. Combined with the ﬁrst-order forward diﬀerence scheme to the temporal derivatives, at the nth time
level the DQ scheme of the governing equations for the ﬂuid is thus yielded as [23]































































































































i;j;l;where Dt is the time resolution. In above equations, the variables with an asterisk ‘‘*’’ indicate the intermediate
values, with which the continuity equation is generally not satisﬁed.3.1. Satisfaction of continuity equation
Numerical simulation of the 3D incompressible N–S equations in primitive variable form by the DQ
method is usually carried out on the non-staggered grid, and the continuity equation needs to be enforced
in each iteration [20]. To do this, SIMPLE algorithm [31,32] is applied to deal with the problems of the auto-
matic satisfaction of the continuity equation within the computational domain. The corrections for the inter-
mediate velocities (u*,v*,w*) and the pressures at time level n + 1 are introduced in order to satisfy the
continuity equation. The corrected velocity and pressure ﬁelds areunþ1i;j;k ¼ ui;j;k þ u^i;j;k; vnþ1i;j;k ¼ vi;j;k þ v^i;j;k;
wnþ1i;j;k ¼ wi;j;k þ w^i;j;k; pnþ1i;j;k ¼ pi;j;k þ p^i;j;k
ð9a; 9b; 9c; 9dÞin which the variables with ‘‘^ ’’ are unknown corresponding corrections. Substituting Eqs. ((9a)–(9d)) into Eqs.
(8a)–(8c) and performing the DQ discretization scheme for the continuity equation yields the velocity ﬁeld at
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xW ð1Þi;l p^l;j;k; ð10aÞ
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¼ 0: ð10dÞThus, from Eqs. (10a)–(10c), the correcting relationships of the velocity components areu^i;j;k þ Dt
XN1
l¼1








zW ð1Þk;l p^i;j;l ¼ 0:
ð11a; 11b; 11cÞThe pressure correction p^ can be eﬀectively solved by super over-relaxation method (SOR) [33]. The iteration
scheme for 3D problem isp^nþ1i;j;k ¼
x




















































: ð13Þ3.2. Pressure values on boundaries
To ensure satisfaction of the continuity equation on the boundary while the DQ method is performed, the
momentum equations on the boundary are to be included in the boundary conditions, such as (2d) and (2e). It
implies that the pressures on the boundary need to be directly solved from the momentum Eqs. (2d) and (2e).

















































2040 L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049The momentum equations on the vibrating boundaries Sz=0 and Sz¼L3 are approximated by DQ scheme, com-
bining the coupling condition ~wni;j;1 ¼ ðsÞ _wni;j;1:zW ð1Þk;1~p
n
































ðwni;j;k  wn1i;j;k Þ: ð15ÞLetting k = 1 and k = N3, respectively, two algebraic equations with respect to the boundary pressure are
obtainedzW ð1Þ1;1~p
n






































i;j;1þ zW ð2Þ1;N3 ~wni;j;N3
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i;j;1 þ zW ð2Þ1;N3 ~wni;j;N3
 
zW ð1ÞN3;N3  zW
ð2Þ
N3;1
























































i;j;l  zW ð1Þ1;1zW ð2ÞN3;lwni;j;lÞ þ
XN31
l¼2
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ð17bÞAs aforementioned, the pressures on the boundaries are directly obtained from the momentum equations, and
the velocities used herein have been corrected to satisfy the continuity equation. Therefore, the pressure ﬁelds
acting on the boundaries obtained are true.3.3. DQ scheme of vibrating boundary conditions
On the vibrating boundaries, the vibrations of the plates have to be simultaneously solved to get vibrating
velocity which is supplied as the ﬂow boundaries of the ﬂuid. To this end, the spatial and temporal derivatives
in the governing equations (3a)–(3c) for plates Sz¼0 and Sz¼L3 are respectively discretized with the DQ approx-
imation and with the ﬁrst-order forward diﬀerence scheme at time level n + 1. The iterating process is con-
structed asðsÞ _wnþ1i;j;d ¼ ðsÞ _wni;j;d  c1Dt ðsÞ _wni;j;d
 ðsÞ _wni;j;d þ Dth qF ni;j;d  CP~pni;j;d
 
; ð18aÞ





















































ðsÞwnll;l;d ð18hÞin which c1 = CfCq/2h, d = 1 for the plate Sz¼0 (taking ‘‘’’) and d = N3 for the plate Sz¼L3 (taking ‘‘+’’). At the
clamped edges of y ¼ 0 and y ¼ L2, the boundary conditions of the plates are
2042 L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049ðsÞwni;1;d ¼ 0; ðsÞ _wni;1;d ¼ 0; ðsÞwni;N2;d ¼ 0; ðsÞ _wni;N2;d ¼ 0; oðsÞw=oy ¼ 0: ð19Þ








ðsÞwni;l;d ¼ 0: ð20ÞTherefore, the satisfaction of the condition o(s)w/oy = 0 is changed, as the displacements of the adjacent grids































xyMn1;l;d ¼ 0; ð22aÞ




xyMnN1;l;d ¼ 0: ð22bÞTherefore, the ﬂow boundary conditions for the DQ scheme are~un1;j;k ¼ ~u0; ~uni;1;k ¼ 0; ~uni;N2;k ¼ 0; ~uni;j;1 ¼ 0; ~uni;j;N3 ¼ 0; ð23aÞ
~vn1;j;k ¼ ~v0; ~vni;1;k ¼ 0; ~vni;N2;k ¼ 0; ~vni;j;1 ¼ 0; ~vni;j;N3 ¼ 0; ð23bÞ
~wn1;j;k ¼ ~w0; ~wni;1;k ¼ 0; ~wni;N2;k ¼ 0; ~wni;j;1 ¼ ðsÞ _wni;j;1; ~wni;j;N3 ¼ ðsÞ _wni;j;N3 : ð23cÞIn addition, Neumann conditions for the velocity on the structural boundaries are required to satisfy the con-
tinuity equation on the boundary and can be derived as following:
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ð26bÞFig. 2. Velocity vectors (w  v) at section x ¼ 0:3 m with (a) and without (b) ﬂuid–structure interaction.
2044 L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–20494. Numerical example
In order to investigate the inﬂuence of FSI on the ﬂow ﬁeld, the parameters used in numerical examples
are L1 = 1.5 m, L2 = 0.5 m, L3 = 0.2 m; the thickness of two elastic plates: h ¼ 0:005 m; Poisson’s ratio:
t = 0.3; the plate material density qs = 7800 kg/m
3; the directional cosines of the inﬂow with x-, y- and
z-directions are of 17, 80, and 76, respectively; and the ﬂuid density qf = 980 kg/m3. The kinetic viscosity
is taken as m = 1.5 · 105 m2/s considering eddy eﬀect, and the friction coeﬃcient as a constant Cf = 0.01.
For ﬂow with Re = 3000, 7000, and 10,000, the corresponding DQ mesh sizes are 21 · 21 · 21,Fig. 3. Velocity vectors (w  v) at section x ¼ 1:35 m with (a) and without (b) ﬂuid–structure interaction.
L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049 204525 · 25 · 25 and 29 · 29 · 29, respectively. The ﬁrst corresponding grid point away from the walls is
y2 ¼ 3:08 mm, 2.14 mm, and 1.57 mm; and z2 ¼ 1:23 mm, 0.86 mm, and 0.62 mm, which are calculated from
Eqs. (5b) and (5c). The boundary conditions are taken as Eqs. (23a) and (23b). The computational results of
the ﬂow ﬁelds at an instantaneous time with and without FSI for diﬀerent Reynolds numbers are shown in
Figs. 2–5. The vibrating displacements of the plates at the sectional positions of x ¼ 0:30 m, 0.75 m, and
1.35 m are plotted in Figs. 6 and 7.Fig. 4. Pressure contours on vibrating plate of Sz=0 with (a) and without (b) ﬂuid–structure interaction.
2046 L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049Figs. 2 and 3 are the computed velocity vectors for Reynolds numbers of 3000, 7000 and 10,000 with and
without FSI at x ¼ 0:3 m and 1.35 m, respectively. It is seen that both Reynolds number and FSI have signif-
icant eﬀects on the ﬂow. For example, the eﬀects of FSI are well demonstrated by comparing Fig. 2a and b for
Re = 7000. In Fig. 2a (with FSI), the vortices perform symmetrically near the vibrating plates and appear at
the positions near 1/3 and 2/3 heights in y-direction. The ﬂow pattern is clearly disturbed by the vibrating
plates. Whereas in Fig. 2b (without FSI), the near-wall vortices disappear and the ﬂow ﬁeld becomes more
uniform except in the local zones close to the corners.Fig. 5. Pressure contours on vibrating plate of Sz¼L3 with (a) and without (b) ﬂuid–structure interaction.
L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–2049 2047The eﬀects of Reynolds number and FSI on the dynamical pressures acting on the vibrating plates are evi-
denced in Figs. 4 and 5. Note that Figs. 4, and 5 were plotted by directly connecting the computed points with
the same pressure values without smoothening. Therefore, some pressure contours in this ‘‘real’’ pressure ﬁeld
are not very smooth. In general, as Reynolds number increases the pressure ﬁeld becomes more complicated
and more inordinate with and without FSI. The pressure values at the same location are completely diﬀerent
for various Reynolds numbers. It is seen in Figs. 4 and 5 that FSI also exerts signiﬁcant eﬀects on the pressure
ﬁelds, especially for Re = 7000. The simulated results also demonstrate that the ﬂuid–structure interaction
makes the pressure contour look smoother.
The displacements of the plates vary with Reynolds numbers. Comparison of Fig. 6 (Re = 10,000) and
Fig. 7 (Re = 3000) indicates that the vibrating changes of the plate displacements are more remarkable for
higher Reynolds number. The reason may be ascribed to the actions of a stronger oscillating pressure for
higher Reynolds number ﬂow. The simulating results show that in general the plate displacements are grad-
ually reduced as increasing along x-direction, which is consistent with the distribution tendencies of the pres-
sures on the plates.Fig. 6. Displacements of plates Sz¼0 (dotted lines) and Sz¼L3 (solid lines) for Re = 10,000.
Fig. 7. Displacements of plates Sz¼0 (dotted lines) and Sz¼L3 (solid lines) for Re = 3000.
2048 L. Zhang et al. / Applied Mathematical Modelling 31 (2007) 2034–20495. Conclusions
The ﬂow-induced structural vibrations strongly disturb the ﬂow patterns at the near-wall regions due to the
interactions between vibrations and ﬂow. Such interaction largely changes the pressure and velocity ﬁelds in
the whole computational domain. The inﬂuences of the vibrations on the ﬂow depend upon the geometrical
properties of the ﬂow passage, and the vibrating features of the plates.
It is essential and important to obtain accurate ﬂowing physics of the ﬂow with ﬂuid–structure interaction
(FSI), which is a very diﬃcult problem. The purpose of this study is to apply the philosophy of the DQ method
to solve N–S equations in the primitive variable form with FSI. The numerical simulating results show that the
FSI has signiﬁcant eﬀect on the ﬂow ﬁelds (velocity and pressure), and the DQ method is a suitable tool to deal
with such coupling system between ﬂow and vibration.
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